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This paper answers the following question. A compressed rod clamped at both ends is assumed to rotate
with a constant angular velocity. In the sense of classical Bernoulli–Euler elastica theory, the shape of the
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This paper is devoted to the generalization of the Lagrange
problem: to ﬁnd a curve which by its revolution about an axis in
its plane determines the rod of greatest efﬁciency. Despite its long
history the problem has received much interest in recent decades.
In an attempt to solve one, for different load and boundary condi-
tions, numerous authors have turned their attention to the classi-
cal Bernoulli–Euler elastica theory and bimodal optimization.
These are considered because of simplicity and because the ob-
tained unimodal solution was not optimal having the buckling load
less than the declared one, see the papers of Tadjbakhsh and Keller
(1962), Olhoff and Rasmussen (1977) and Seyranian (2000).
In order to resolve the anomaly, Nikolai (1907) was the ﬁrst
author who proposed minimal cross-sectional area determined
so that given limiting stress will not be exceeded. Much later, on
the basis of an assumption that for speciﬁc boundary conditions
some shapes may yield eigenvalues of multiplicity two, leading
to bimodal optimization, another formulation was developed to
the necessary mathematical and physical consistency, for example
see Olhoff and Rasmussen (1977), Olhoff and Taylor (1983), Seyra-
nian (1984), Barnes (1988) and Cox and Overton (1992), and the
references therein. The increase in the number of papers on various
aspects of the Lagrange problem, and particularly bimodal optimal
solutions, is still present, see Tada and Wang (1995), Seyranian
et al. (1994), Atanackovic (2001), Glavardanov and Atanackovic
(2001), Seyranian and Privalova (2003), Egorov (2004), Spasic and
Atanackovic (2004), Atanackovic (2006), Smas´ (2007) and Olhoff
and Seyranian (2008), where we have tried to keep the reference
list brief. Among all possible connections, our aim will be to en-ll rights reserved.
x: +381 21 458 133.
nov).quire how unimodal solution can be regularized when shear and
axial deformations are imposed on the rod model.
To motivate the answer to the posed question, note that by
involving the limiting stress in the Lagrange problem, as Nikolai
did, it was implicitly allowed that the rod could change its length
under compression. It was a rather artiﬁcial condition since the
classical Bernoulli–Euler theory of buckling, neglects the axial
strain of central line as a possible deformation of an elastic rod. Be-
sides extensional rigidity, in the problem of Lagrange, the inﬁnite
value of the shear rigidity was also assumed. The ﬁrst work that
generalizes the classical elastica theory as to take the shearing
forces into account goes back to Engesser who considered the
inﬂuence of shear on the buckling loads in 1889. Pﬂüger analyzed
the inﬂuence of the axial strain on the stability of a simply sup-
ported compressed rod, see Pﬂüger (1975). It is well known fact
that the Euler buckling load is sensitive to both effects: decreasing
of shear rigidity of the rod the value of the Euler buckling load de-
creases, and decreasing of extensional rigidity the value of critical
load increases. In the seventies of the former century many gener-
alized elastica theories taking into account both shear and axial
strain were proposed. Just a few examples from the voluminous lit-
erature are Schmidt and DaDeppo (1971), Reissner (1972), Goto
et al. (1990) and Atanackovic and Spasic (1994), for plane and
Kingsbury (1985), Eliseyev (1988) and Simo and Vu-Quock
(1991), for spatial problems. The aim of any theory of rods is to
characterize the deformed conﬁguration of a slender three-dimen-
sional body by a single curve and certain parameters recording
material orientation to that curve, Parker (1979). Each of them
must necessarily be approximate, having a chance to be more
appropriate in speciﬁc applications then the others, Atanackovic
(1997). The inﬂuence of ﬁnite values of extensional and shear
rigidities on the optimal shape of elastic rods, was treated in Spasic
(2002). By use of the constitutive equations that take into account
a b
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nackovic and Spasic (1994), the Clausen solution of the Lagrange
problem can be generalized in a natural way. The principal novelty
is the optimal column with non-zero cross-section able to recog-
nize the material as well as the applied load at its ends. The results
of Spasic (2002), where the spatial problem was treated, by use of
the constitutive equations developed in Eliseyev (1988) and Simo
and Vu-Quock (1991), are of the same nature. In both problems
the regularized condition that cross-section of the rod is greater
than zero at all points, was obtained by introducing more physical
information in the rod model. This approach ensures ﬁnite stresses
in the optimal rod and will be followed here.
In the present study, two optimization problems will be ana-
lyzed: the shape of the lightest compressed rod stable against
buckling, as well as the shape of the rod that is, besides compres-
sion, assumed to rotate with a constant angular velocity. In both
problems, it is assumed that boundary conditions correspond to
clamped ends and that the rod can suffer not only ﬂexure as in
the classical Bernoulli–Euler elastica but also compression and
shear. The nonlinear differential equations describing conﬁgura-
tions of the equilibrium in the ﬁrst case and the relative equilib-
rium in the second one will be derived. On the basis of the
linearized equations the critical load of the rod as a two parameter
bifurcation problem (corresponding to compressive force and
angular velocity of the rod) will be determined. Then, necessary
conditions for both unimodal and bimodal optimization problems
will be derived by use of the Pontryagin maximum principle. In
both formulations, the optimality condition will be given in form
of a cubic equation, with one positive root expressed in terms of
Chebyshev radicals. The optimal curves, describing the distribution
of the material along the rod axis, will be obtained numerically.
The corresponding rods are of minimum volume and will support
a given load without buckling. The accuracy of numerical integra-
tion will be checked by use of the ﬁrst integrals of the correspond-
ing systems. Finally, the comparison of the obtained minimal
volumes corresponding to both candidates at the end was the last
step that determines the answer to the posed question. Despite the
assumption that the differential constraint equations allow two
linearly independent solutions, and thus could lead to bimodal
optimization, in both cases it was obtained that the optimal shape
was related to unimodal solutions. The principal novelty of the
present results is that the generalized elastica with shear and axial
strain leads to unimodal optimal solutions with non-zero cross-
sectional area.
2. Formulation of the problem
Consider a shearable and compressible naturally straight rod BC
of length L clamped at both ends. Let P be a plane containing the
rod axis in the undeformed state. Then deﬁne the rectangular
Cartesian coordinate system xBy whose axis x coincides with the
rod axis in the undeformed state and y-axis lying in the plane P
perpendicular to x-axis (see Fig. 1).
Let S and s be the arc length of the rod axis in the undeformed
and deformed state, measured from the end point B, respectively.Fig. 1. The clamped–clamped compressed rotating rod.We assume that the rod has a variable circular cross-section of area
A ¼ AðSÞ. At the end C the rod is loaded by a concentrated force F of
constant intensity F acting along the x-axis (see Fig. 1). Then sup-
pose that the rod and plane P rotate about x-axis with a constant
angular velocity x. During the rotation, for certain values of
parameters F and x, the rod can bend into the plane P. The corre-
sponding differential equations describing the relative equilibrium
of the rod element of length ds (see Fig. 2a) read
dH
dS
¼ 0; dV
dS
¼ q0Ax2y;
dM
dS
¼ Vð1þ eÞ cos hþ Hð1þ eÞ sin h;
ð1Þ
where H, V are components of the contact force along x- and y-axes,
respectively, M is the contact couple, q0 is the mass density of the
rod in the undeformed state, e is the axial strain, i.e.
e ¼ ds=dS 1 and h is the angle between the tangent to the rod axis
and the x-axis.
From Fig. 2a we have the following geometrical relations:
dx
dS
¼ ð1þ eÞ cos h; dy
dS
¼ ð1þ eÞ sin h: ð2Þ
Let a; e1; e2 be the rotation angle of the cross-section, the unit vec-
tor normal to the cross-section and the unit vector lying in the
cross-section, respectively. Then following Eliseyev (1988) and Libai
(1992) we introduce the strains ðda=dS;C1ðSÞ;C2ðSÞÞ where C1;C2
are deﬁned by
dr
ds
¼ ð1þ C1Þe1 þ C2e2; ð3Þ
and r is the position vector of an arbitrary point on the rod axis.
From (2) and (3) it follows
C1 ¼ ð1þ eÞ cosðh aÞ  1; C2 ¼ ð1þ eÞ sinðh aÞ: ð4Þ
Let N1 and N2 be the components of the contact force along the unit
vectors e1 and e2, respectively (see Fig. 2b). Then according to Elis-
eyev (1988), Goto et al. (1990) and Libai (1992) the constitutive
equations of the rod read
N1 ¼ EAC1; N2 ¼ GAk C2; M ¼ EI
da
dS
; ð5Þ
where E is the modulus of elasticity, G is the shear modulus, I is the
moment of inertia of the cross-section and k is the shear correction
factor that depends on the geometry of the cross-section, see Ren-
ton (1991). Note that h a represents the shear angle, i.e. the angle
between the rotated (sheared, ‘‘convected”) cross-section and the
direction of the normal to the rod axis in the deformed state. Refer-
ring to Fig. 2b again we get
N1 ¼ H cosaþ V sina; N2 ¼ H sinaþ V cosa; ð6Þ
representing Haringx’s approach of the decomposition of the inter-
nal forces in an arbitrary cross-section of the rod.Fig. 2. Free body diagram of the rod element (a) and decomposition of the contact
force in an arbitrary cross-section (b).
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and then substituting the so obtained results into (1) and (2), to-
gether with (5)3 we get
dH
dS ¼ 0; dVdS ¼ q0Ax2y;
dM
dS ¼ ðH sina V cosaÞ 1 kGA 1EA
 ðH cosaþ V sinaÞ ;
dx
dS ¼ 1þ H cosaþV sinaEA
 
cosa k V cosaH sinaGA sina;
dy
dS ¼ 1þ H cosaþV sinaEA
 
sinaþ k V cosaH sinaGA cosa;
da
dS ¼ MEI :
8>>>><
>>>>:
ð7Þ
The boundary conditions corresponding to (7) read
HðLÞ ¼  F; xð0Þ ¼ 0; yð0Þ ¼ 0; yðLÞ ¼ 0;
að0Þ ¼ 0; aðLÞ ¼ 0: ð8Þ
Note that (7)1 and (8)1 imply HðSÞ ¼ F for S 2 ½0; L so both
HðSÞ and xðSÞ could be omitted from the analysis, reducing the
boundary value problems (7) and (8) to
dV
dS ¼ q0Ax2y;
dM
dS ¼ ðF sinaþ V cosaÞ 1 kGA 1EA
 ðV sina F cosaÞ ;
dy
dS ¼ 1þ V sinaF cosaEA
 
sinaþ k V cosaþF sinaGA cosa;
da
dS ¼ MEI ;
8>>><
>>>:
ð9Þ
and
yð0Þ ¼ 0; yðLÞ ¼ 0; að0Þ ¼ 0; aðLÞ ¼ 0: ð10Þ
The volume of the rod W reads
W ¼
Z L
0
AðSÞdS: ð11Þ
Note that for the circular cross-section either area AðSÞ or moment
of inertia IðSÞ ¼ A2ðSÞ=ð4pÞ determines the distribution of the mate-
rial along the length of the rod. In the following we use Au to denote
the cross-sectional area of the uniform (cylindrical) rod to which
the optimal one, with the same stability boundary, is to be com-
pared. The corresponding values of the extensional, shear and bend-
ing rigidity read EAu; GAu and EIu, respectively.
Next we introduce the dimensionless quantities
t ¼ SL ; g ¼ yL ; a ¼ AAu ; w ¼ WAuL ; v ¼ VL
2
EIu
; m ¼ MLEIu ;
b ¼ k FGAu ; l ¼ FEAu ; k1 ¼
q0AuL
4x2
EIu
; k2 ¼ FL2EIu ; s ¼ kEIuGAu :
8<
: ð12Þ
Note that s ¼ b=k2 will be usefulwhen the special case of rotating rod
with F ¼ 0, (b ¼ k2 ¼ 0buts–0) is tobe considered.Alsonote that the
classical Bernoulli–Euler elastica theory is obtained for the values
b ¼ l ¼ 0ðs ¼ 0Þ corresponding to inﬁnite values of extensional
and shear rigidity (i.e. EAu;GAu !1Þ. On the other hand, intuitively
one expects b to be greater than l. Namely, assuming that
G ¼ E
2ð1þ mÞ ;
where m is the Poisson’s ratio, with the shear correction factor for
circular cross-section k ¼ 1:11 (see Timoshenko and Gere, 1961),
the relation between b and l holds
b ¼ 2:22ð1þ mÞl:
Therefore, when dealing with generalized elastica, the relation
b > l will always be assumed.
With this preparation done we cast the system (9) and (10) into
the following dimensionless form:
_m ¼ k1ag;
_m ¼ ðv cosaþ k2 sinaÞ 1þ lbk2a ðv sina k2 cosaÞ
h i
;
_g ¼ bk2av þ sina 1þ
lb
k2a
ðv sina k2 cosaÞ
h i
;
_a ¼ ma2 ;
8>><
>>>:
ð13Þwhere a dot over the variable represents the derivative with respect
to dimensionless arc length t, and
gð0Þ ¼ 0; gð1Þ ¼ 0; að0Þ ¼ 0; að1Þ ¼ 0: ð14Þ
In doing so we used EI=EIu ¼ ½A2ðSÞ=ð4pÞ=½A2u=ð4pÞ ¼ a2. The sys-
tems (13) and (14) describe the relative equilibrium of the com-
pressed rotating clamped–clamped rod in the sense of generalized
elastica theory. For the special case k1 ¼ 0 it describes equilibrium
of the compressed rod. Note that in the special case b ¼ l ¼ 0,
Eqs. (13) and (14) reduce to Eqs. (7) and (6) of Spasic and Atanacko-
vic (2004) where the optimal shape of the compressed rotating rod
was posed in the sense of the classical Bernoulli–Euler elastica the-
ory. Finally, for b ¼ l ¼ 0 and k1 ¼ 0 our problem reduces to the
one presented in Seyranian (1984) and Cox and Overton (1992).
The dimensionless volume now becomes
w ¼
Z 1
0
aðtÞdt: ð15Þ
Note that for any ðk1; k2Þ the systems (13) and (14) have the trivial
solution say v0 ¼ 0; m0 ¼ 0; g0 ¼ 0; a0 ¼ 0, in which the rod axis
remains straight. Introducing the small perturbations Dv; . . . ;Da,
solutions to (13) and (14) can be expressed as v ¼ v0 þ Dv ¼
Dv ; . . ., a ¼ a0 þ Da ¼ Da. Substituting these into the systems (13)
and (14), neglecting the higher-order terms in perturbations and
omitting D in front of Dv ; . . . ;Dawe obtain the linearized equations
describing relative equilibrium of the rod
_v ¼ k1ag; _m ¼  1þ bla
 ðv þ k2aÞ;
_g ¼ 1þ bla
 
aþ bk2av ; _a ¼ ma2 ;
(
ð16Þ
subject to (14).
In order to determine the stability boundary of the rod we in-
tend to determine the critical load parameters ðk1; k2Þ for which
the systems (13) and (14) have more than one solution. Note that
bifurcation points of the nonlinear systems (13) and (14) are bifur-
cation points of the linearized systems (16) and (14). To be sure
that the bifurcation points of the linearized system are also bifur-
cation points of the nonlinear system some sufﬁcient conditions
should be formulated. This could be done along the lines of Chow
and Hale (1982), for example by following the standard procedure
of Liapunov–Schmidt reduction, but we shall not be concerned
with it here. Next, following the idea of Atanackovic (2006) we
show that the geometric multiplicity of an eigenvalue pair ðk1; k2Þ
of the systems (16) and (14) are at most two. In what follows we
assume that aðtÞ is positive three times continuously differentiable
function and b > l. Then we can transform Eqs. (16) and (14) into
the following system:
_m
a
  ¼ k1 bk2av þ 1þ bla a
h i
;
ða2 _aÞ ¼  1þ bla
 ðv þ k2aÞ;
8<
: ð17Þ
subject to
_mð0Þ ¼ 0; _vð1Þ ¼ 0; að0Þ ¼ 0; að1Þ ¼ 0: ð18Þ
Solving Eq. (17)2 for v and substituting the result into Eq. (17)1 we
get a single fourth order linear differential equation
1
a
k2aþ aða
2 _aÞ
aþ b l
  	
 
þ k1 bk2
ða2 _aÞ
aþ b l 1
l
a
 
a
 	
¼ 0:
ð19Þ
Note that Eq. (19), under the above assumptions, is a linear differ-
ential equation with continuous coefﬁcients. Also the coefﬁcient
standing in front of the highest derivative ðaÞ differs from zero.
The corresponding boundary conditions, following from (17)2 and
(18)1,2, read
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
aþbl
h i
t¼0
¼ 0;
að1Þ ¼ 0; k2 _að1Þ þ aða2 _aÞ

aþbl
h i
t¼1
¼ 0:
8><
>: ð20Þ
Let us suppose that there are three linearly independent solutions
a1; a2 and a3 to the systems (19) and (20), see Atanackovic and
Seyranian (2008). Then W ¼ c1a1 þ c2a2 þ c3a3 where ci; i ¼ 1;2;3
are arbitrary constants is a solution to
1
a
k2 _Wþ aða
2 _WÞ
aþ b l
 !" #( )
þ k1 bk2
ða2 _WÞ
aþ b l 1
l
a
 
W
" #
¼ 0; ð21Þ
subject to
Wð0Þ ¼ 0; k2 _Wð0Þ þ aða2 _WÞ

aþbl
h i
t¼0
¼ 0;
Wð1Þ ¼ 0; k2 _Wð1Þ þ aða2 _WÞ

aþbl
h i
t¼1
¼ 0:
8><
>: ð22Þ
Let us now choose the constants ci; i ¼ 1;2;3 so that
c1 _a1ð0Þ þ c2 _a2ð0Þ þ c3 _a3ð0Þ ¼ 0;
c1€a1ð0Þ þ c2€a2ð0Þ þ c3€a3ð0Þ ¼ 0; ð23Þ
and that at least two of them differ from zero. With so obtained
constants W satisﬁes not only (24) and (25), but also
_Wð0Þ ¼ 0; €Wð0Þ ¼ 0: ð24Þ
However, note that Eqs. (22)3,4 and (24) imply €Wð0Þ ¼ 0. Therefore
the functionW with the constants ci chosen in this way satisﬁes the
initial value problem
1
a
k2Wþ aða
2 _WÞ
aþ b l
 !" #( )
 þ k1 bk2
ða2 _WÞ
aþ b l 1
l
a
 
W
" #
¼ 0; ð25Þ
subject to
Wð0Þ ¼ 0; _Wð0Þ ¼ 0; €Wð0Þ ¼ 0; W

ð0Þ ¼ 0: ð26Þ
Since the only solution to (25) and (26) is W  0 the functions
ai; i ¼ 1;2;3 are linearly dependent. This contradicts the initial
assumption that they are independent so that the geometric multi-
plicity of an eigenvalue pair ðk1; k2Þ of the systems (21) and (22) are
at most two.
Given b; l and aðtÞ being constant or not, the eigenvalue pair
ðk1; k2Þ of the systems (17) and (18) or equivalently of the systems
(19) and (20) deﬁne a set of curves /n; n ¼ 1;2; . . . called interac-
tion curves (see Antman, 1995). Our next goal is to ﬁnd the lowest
interaction curve (i.e. a curve corresponding to the lowest buckling
mode) for the rod with constant cross-section aðtÞ ¼ 1, correspond-
ing to the cylindrical (uniform) rod of unit volume. In such a case
the systems (21) and (22) become
a
 þ k2ð1þ b lÞ þ bk1k2
 	
€a k1ð1þ b lÞð1 lÞa ¼ 0; ð27Þ
subject to
að0Þ ¼ 0; að0Þ þ k2ð1þ b lÞ _að0Þ ¼ 0;
að1Þ ¼ 0; að1Þ þ k2ð1þ b lÞ _að1Þ ¼ 0:
ð28Þ
The general solution to Eq. (27) reads
a ¼ C1 cosðjþÞt þ C2 sinðjþÞt þ C3 coshðjÞt þ C4 sinhðjÞt;where C1; C2; C3; C4 are arbitrary constants and where
j ¼ jðk1; k2Þ are deﬁned as
j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2ð1þ b lÞ þ bk1k2
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4 k1ð1þblÞð1lÞ
k2ð1þblÞþ
bk1
k2
h i2s  1
8><
>:
9>=
>;
2
vuuuuuut
: ð29Þ
Enforcing the boundary conditions (28) we ﬁnd that nontrivial solu-
tions exist if the following characteristic equation is satisﬁed:
1coshj cosjþ þsinhj sinjþ2 j jþ
 b
k2
k2þ bk1k2ð1þblÞ
 	2
þk1 4ð1lÞð1þblÞ1
 	( )
k2ð1þblÞ
( )
¼0:
ð30Þ
The critical load parameters k1; k

2
 
are determined from (30), with
(29). Namely, substituting j ¼ j k1; k2
 
deﬁned by (29) into (30),
we obtain the following equation determining the critical load of
the uniform rod:
1coshj cosjþþ
sinhj sinjþ
2  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃk1ð1þblÞð1lÞp
 b
k2
k2þ
bk1
k2ð1þblÞ
 	2
þk1
4ð1lÞ
ð1þblÞ1
 	( )
k2ð1þblÞ
( )
¼0:
ð31Þ
We comment here on some special cases of the rod and load param-
eters. First, for b ¼ l ¼ 0, Eq. (31) with (29) reduces to Eq. (8) of
Spasic and Atanackovic (2004), representing characteristic equation
corresponding to the same problem posed in the sense of the clas-
sical Bernoulli–Euler elastica. Second, suppose the rod is not rotat-
ing, i.e. k1 ¼ 0; ðx ¼ 0Þ, and k2–0; ðF–0Þ. Substituting j ! 0;jþ ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2ð1þ b lÞ
p
and noting that limj!0ðsinhjÞ=j! 1, Eq. (30) with
(29) reduces to
sin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2ð1þ b lÞ
p
2
2 sin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2ð1þ b lÞ
p
2
 k2ð1 lÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2ð1þ b lÞ
p
(
 cos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2ð1þ b lÞ
p
2
)
¼ 0:
The corresponding critical load of the uniform rod reads
k1 ¼ 0; k2 ¼
4p2
1þ b l : ð32Þ
In Eq. (32) the opposite inﬂuence of the ﬁnite values of extensional
and shear rigidity on the buckling load is recognized. That is
decreasing the shear rigidity ðb "Þ the critical load k2 decreases
and decreasing the extensional rigidity ðl "Þ the critical load k2 in-
creases. In the special case b ¼ l ¼ 0, corresponding to the classical
elastica theory, Eq. (32)2 yields the well known result usually seen
in papers on bimodal optimization. Finally, let k2 ¼ 0, i.e. F = 0,
ðk2 ¼ b ¼ l ¼ 0; bk2 ¼ s–0Þ and x–0 ðk1–0Þ. Then Eq. (30) with
(29), gives the critical load k1 ¼ k1ðsÞ as a solution of
1 cosh
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q
 sk1
2
vuut
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ing to the classical elastica theory. Allowing ﬁnite values of shear
rigidity, say s > 0 the critical load k1 decreases. For example for
s ¼ 0:001 one obtains k1 ¼ 475:981; k2 ¼ 0, as expected.
With this preparationdonewemaysketch the interaction curves.
Let k1; k

2
 
be a point on the lowest interaction curve /1 (i.e. a curve
corresponding to the ﬁrst buckling mode). Then a straight line con-
necting (0,0) with the point k1; k

2
 
does not intersect any other
interaction curve, see Vujanovic and Atanackovic (2004). The inter-
action curves for the ﬁrst two buckling modes for given values of
b and l and a ¼ const: are shown in Fig. 3a. Note that for the uni-
form rod the interaction curves do not intersect.
However, for the rod with variable cross-section it could hap-
pen that the interaction curves touch or intersect each other at
some point k1; k

2
 
, see Fig. 3b. This is justiﬁed by the fact that
the geometric multiplicity of the eigenvalue pair ðk1; k2Þ of the sys-
tems (21) and (22) could be at most two.
Finally, we deﬁne the optimal rod as the rod so shaped that any
other rod of the same length and smaller volume will buckle under
the same load belonging to the lowest interaction curve. Now, the
problem we deal with reads: given b, l and U being the set of posi-
tive three times continuously differentiable functions deﬁned on the
closed interval [0,1], then for ðk1; k2Þ 2 R2 ﬁnd aðtÞ 2 U such that
the integral (15) is minimal and that the eigenvalue pair ðk1; k2Þ
belonging to the lowest interaction curve of (16) and (14) with
aðtÞ ¼ aðtÞ equals k1; k2
 
.
In what follows we shall ﬁnd out whether the geometric multi-
plicity of the eigenvalue pair of the optimal rod equals one or two.
If the geometric multiplicity of the optimal rod reads one we deal
with unimodal optimization while in the case of geometric multi-
plicity being two, the optimization pattern is bimodal. Namely,
possible multiplicity is generally not known a priori and must be
appropriately allowed for, in the mathematical formulation and
solution procedure, so the correct optimal solution can be deter-
mined, see Olhoff and Taylor (1983). Thus we intend to analyze
both unimodal and bimodal optimization problem in order to ob-
tain solution candidates. The comparison of the obtained minimal
volumes corresponding to both candidates at the end will deter-
mine the answer to the posed question.
3. The unimodal solutions
Let us assume that the optimal solution possesses only a single
(symmetric) buckling mode and consider the problem: to ﬁnd the
distribution of the material along the length of the rod so the rod is
of minimum volume and will support a load for given b, l, and
k1; k2 satisfying (31) with (29) without buckling, i.e.
min
a
w;
subject to (16) and (14) and w given by (15). Necessary conditions
for optimality will be derived by use of the Pontryagin maximuma
Fig. 3. Interaction curves for constantprinciple. Namely, we introduce the costate variables
pv ; pm; pg; pa, to form HamiltonianH, (the Pontryagin function)
H ¼ a pvk1ag pm 1þ
b l
a
 
ðv þ k2aÞ
þ pg 1þ
b l
a
 
aþ bv
k2a
 	
þ pa
m
a2
; ð34Þ
and ﬁnd the optimal distribution of the material a as a solution of
the equation oH=oa ¼ 0 leading to
a3  bvpg þ k2ðb lÞ½apg  pmðk2aþ vÞ
k2ð1 k1pvgÞ
a 2 pam
1 k1pvg
¼ 0:
ð35Þ
The corresponding costate equations and the natural boundary con-
ditions read
_pv ¼  pgbk2a þ pm 1þ
bl
a
 
; pm ¼  paa2 ;
_pg ¼ k1apv ; _pa ¼ 1þ bla
 ðk2pm  pgÞ;
(
ð36Þ
and
pvð0Þ ¼ 0; pvð1Þ ¼ 0; pmð0Þ ¼ 0; pmð1Þ ¼ 0: ð37Þ
Comparing (16) and (14) with (36) and (37) we conclude that there
is a connection between the state and costate variables
pg ¼ v ; pa ¼ m; pv ¼ g; pm ¼ a; ð38Þ
reducing the optimality condition (35) to
a3  bv
2 þ ðb lÞ k22a2 þ 2k2va
  
k2 1þ k1g2ð Þ a
2m2
1þ k1g2 ¼ 0: ð39Þ
Note that from (34) and (38) we calculate
o2H
oa2
¼ 2
a
1þ k1g2 þm
2
a3
 	
> 0;
and for aðtÞ > 0 recognize a necessary condition for minimum ofH
with respect to a. This eliminates the other possible choices of type
(38).
To clarify the solutions of the cubic equation that determines
the optimal rod (39) consider the nominator of the linear term.
Since b > l, the following holds:
bv2 þ ðb lÞ k22a2 þ 2k2va
 
P ðb lÞv2 þ ðb lÞ k22a2 þ 2k2va
 
¼ ðb lÞðv þ k2aÞ2 P 0:
Assuming that v, a and m on non-trivial solution could not vanish
simultaneously we conclude that Eq. (39) always has a strictly po-
sitive root, what was not the case when the optimal control prob-
lem was posed in the classical Bernoulli–Euler elastica theory.
This is the principal novelty of the proposed unimodal solution of
generalized elastica. Namely, the positive solution of (39) readsb
(a) and optimal cross-sections (b).
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3k2ð1þ k1g2Þ
s
 C1
3
2m2
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whereC1=3ðuÞ stands for theChebyshev cube root function, deﬁnedas
C1
3
ðuÞ ¼
2 cos
arccos u2ð Þ
3
 
for juj 6 2
2 cosh
ln u2ð Þþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
2ð Þ21
qh i
3
0
@
1
A for u > 2:
8>>><
>>>:
ð41Þ
Note that the Chebyshev cube root function for u ¼ 0, correspond-
ing in this optimal control problem to m ¼ 0, still yields positive a
since C1=3ð0Þ ¼
ﬃﬃﬃ
3
p
. In other words, the optimality condition (40)
does not necessarily lead to vanishing rod cross-section at points
of zero bending moment, as was the case in classical elastica. In
the special case for b ¼ l ¼ 0 the solution of (39) reads
a ¼ 2m
2
1þ k1g2
 1=3
:
With respect to (38) the optimal shape of the rod aðtÞ ¼ aðtÞ, so-
called ‘‘unimodal candidate”, follows as the solution of the bound-
ary value problem given by (16), (14) and (40). This system has
the following ﬁrst integral:
H ¼ aþ k1ag2 þ að2v þ k2aÞ 1þ b la
 
þ bv
2
k2a
þm
2
a2
¼ const:;
ð42Þ
which can be used to check the accuracy of numerical integration.
Note that as an alternative procedure that avoids to many ‘‘if then
else” required in each step of integration for calculating (41), in-
stead of (40), (16) and (14) could be solved together with
_a ¼
2k1 ½aþ 2ðb lÞaþ 2 bvk2
n o
a2gþ 2 2þ bla
 ðv þ k2aÞm
ðb lÞað2v þ k2aÞ þ bv2k2  3ð1þ k1g2Þa2
; ð43Þ
obtained from (39) by differentiation with respect to (16), and
að0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bv2ð0Þ
3k2
s
C1
3
2m2ð0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bv2ð0Þ
3k2
 3r
0
BB@
1
CCA; ð44Þ
where (40) and (14) are used. Once the unimodal optimal shape
candidate is determined, the volume of the corresponding rod fol-
lows from (15).
4. The bimodal solutions
On the other hand, let us assume that the geometrical multiplic-
ity of the eigenvalue pair k1; k

2
 
for the optimal shape of the rod
aðtÞ ¼ aðtÞ equals two. Then the modes associated with the lowest
eigenvalue can be a symmetric mode and an antisymmetric mode.
Thus the corresponding linearly independent solutions satisfy the
system of eight ﬁrst order differential equations
_v i ¼ k1agi; _mi ¼  1þ bla
 ðv i þ k2aiÞ;
_gi ¼ 1þ bla
 
ai þ bk2av i; _ai ¼
mi
a2 ;
(
ð45Þ
where i ¼ 1;2. Indices 1 and 2 are used to distinguish two linearly
independent solutions. The boundary conditions corresponding to
(45) aregið0Þ ¼ 0; gið1Þ ¼ 0; aið0Þ ¼ 0; aið1Þ ¼ 0; i ¼ 1;2: ð46Þ
The assumption of bimodal optimization allows us to formulate the
problem in the following way: given b, l, and k1; k2 satisfying (31)
with (29), minimize (15) subjected to (45) and (46). Following the
Pontryagin maximum principle we introduce the Lagrange multipli-
ers pvi;pmi;pgi;pai; i ¼ 1;2 to form the Pontryagin function Hb,
(Hamiltonian)
Hb ¼ aþ
X2
i¼1
pv ik1agi  pmi 1þ
b l
a
 
ðv i þ k2aiÞ


þpgi 1þ
b l
a
 
ai þ bv ik2a
 	
þ pai
mi
a2

: ð47Þ
The Euler–Lagrange equations and the natural boundary conditions
for costate variables, imply
_pvi ¼  pgibk2a þ pmi 1þ
bl
a
 
; pmi ¼  paia2 ;
_pgi ¼ k1apvi; _pai ¼ 1þ bla
 ðk2pmi  pgiÞ; i ¼ 1;2;
(
ð48Þ
with
pvið0Þ¼0; pvið1Þ¼0; pmið0Þ¼0; pmið1Þ¼0; i¼1;2; ð49Þ
while the necessary optimality condition reads
a3 
P2
i¼1 bv ipgi þ k2ðb lÞ½aipgi  pmiðk2ai þ v iÞ
n o
k2 1 k1
P2
i¼1pvigi
  a 2

P2
i¼1paimi
1 k1
P2
i¼1pvigi
¼ 0: ð50Þ
For more details on the Lagrange multiplier rule and bimodal opti-
mization see Theorem 3 of Atanackovic (2006). In order to ﬁnd the
optimal shape of the rod we solve the systems (45), (48) and (50)
subject to (46) and (49). First step to do that is to ﬁnd a relation be-
tween the state and costate variables. Comparing (45) and (48) we
conclude the following:
pgi ¼ v i; pai ¼ mi; pvi ¼ gi; pmi ¼ ai; i ¼ 1;2: ð51Þ
Taking into account (51), the optimality condition (50) becomes
a3 
P2
i¼1 bv2i þ k2ðb lÞaiðk2ai þ 2v iÞ
 
k2 1þ k1
P2
i¼1g2i
  a 2P2i¼1m2i
1þ k1
P2
i¼1g2i
¼ 0:
ð52Þ
Using (47) and (51) we get
o2Hb
oa2
¼ 2
a
1þ k1
X2
i¼1
g2i þ
X2
i¼1
m2i
a3
" #
> 0;
which is the necessary condition for the minimum of Hb with re-
spect to a if aðtÞ > 0. This eliminates the other possible choices of
type (51). With respect to (48) the optimal shape of the rod
aðtÞ ¼ aðtÞ follows as the solution of the boundary value problem
given by (45), (46) and (52).
Analyzing (52) with the same type of argument as (39) one ob-
tains the positive root of (52) in terms of Chebyshev radicals
a ¼
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3k2 1þ
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iP2
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variables leads to optimal cross-sectional area expressed in terms
of state variables only. This fact considerably reduces the dimension
of the two point boundary value problem that is to be solved in
optimization procedure. In the case of the classical elastica, i.e.
b ¼ l ¼ 0 the solution of (52) reads
a ¼ 2
P2
i¼1m
2
i
1þ k1
P2
i¼1g2i
 !1=3
;
where we recognize result of Spasic and Atanackovic (2004).
Therefore in determining the optimal shape of the rod, so-called
‘‘bimodal candidate”, we solve the systems (45) and (53) with the
boundary conditions given by (46). This system has the following
two ﬁrst integrals:
Hb ¼ aþ
X2
i¼1
k1ag2i þ aið2v i þ k2aiÞ

 1þ b l
a
 
þ bv
2
i
k2a
þm
2
i
a2
	
¼ const:;
Ib ¼ m1a2 m2a1  g1v2 þ g2v1 ¼ 0;
ð54Þ
that will be used to monitor the accuracy of numerical integrations.
Note that, differentiating (53) with respect to (45), yields
a
 ¼
P2
i¼1 2k1 ½aþ2ðblÞaiþ 2bv ik2
n o
a2giþ2 2þ bla
 
v iþk2aið Þmi
n o
P2
i¼1 ðblÞaið2v iþk2aiÞþ
bv2
i
k2
h i
3 1þk1
P2
i¼1g2i
 
a2
;
ð55Þ
which together with
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obtained from (53) by use of (46), can be used instead of (53) in the
boundary value problem (45) and (46). As before, once the bimodal
optimal shape candidate is determined, the volume of the corre-
sponding rod follows from (15).
We have found necessary conditions which determine whether
generalized elastica with shear and axial strain determines optimal
shapes according to either unimodal or bimodal optimization pat-
terns. With this preparation done we are ready to examine the
minimal volumes corresponding to both unimodal and bimodal
candidate.
5. Numerical results and the answer
In this section we present numerical solutions of the posed
problems and determine the answer to the question posed in the
title for several values of the rod ðl; bÞ and load parameters ðk1; k2Þ.
First we ﬁx values of parameters l and k1. In order to ﬁt for
engineering applications very small values of l should be taken.
In all the calculations presented below the value of the Poisson ra-
tio ðmÞ equals 0.3. Once the values of m and l are chosen the value
of b is calculated as b ¼ 2:22ð1þ mÞl. Note, that when the com-
pressibility of the rod is taken into account the axial strain must
satisfy the following physical condition:
e > 1: ð57Þ
Linearizing (4) and (6), with respect to (5) and (12), the condition
(57) becomes
e ¼ l
a
> 1: ð58ÞThis inequality will be examined all along the optimal shape of the
rod.
Following the lines of Biezeno and Grammel (1953) we note
that a load realistic for important engineering applications is in
the area of a relatively small dimensionless angular velocity ðk1Þ
and the compressing force ðk2Þ not far from the Euler buckling load.
Thus for known k1 > 0, l (and b), k2 is taken as a solution of (31),
with (29). In the special case, k1 ¼ 0, corresponding to compressed
rods, k2 was determined from (32). For comparison the special
cases l ¼ 0 corresponding to the classical Bernoulli–Euler theory
are also analyzed.
The boundary value problems (16) and (14) with either (43) and
(44) or (40), determining unimodal and (45) and (46) with either
(55) and (56) or (53), determining bimodal candidates for the opti-
mal solution were solved numerically by the shooting method and
the Bulirsch–Stoer integration procedure. The results are presented
in the following tables. The candidates are described by minimal
volume w, cross-section at the left end, að0Þ, minimal cross-section
amin and the corresponding dimensionless arc length tamin . The ob-
tained solutions were symmetric with respect to the middle of the
column, so að1Þ, as well as the values of argument 1 tamin corre-
sponding to symmetric minima of the cross-section, are omitted.
The column gð1Þmax corresponds to symmetric buckling mode, i.e.
either gmax in case of unimodal or g1max corresponding to symmet-
ric mode as one of the admissible modes for bimodal formulation.
Both gmax and g1max are attained at t ¼ 0:5. The column HðbÞ corre-
sponds to ﬁrst integral of either unimodal H or bimodal problem
Hb. The value of prime integral denoted by Ib was 0 in all bimodal
problems analyzed.
We comment here on the values presented in Table 1 corre-
sponding to compressed rod. The ﬁrst row of Table 1 corresponds
to the Bernoulli–Euler theory and the unimodal solution obtained
in Tadjbakhsh and Keller (1962). Note that there are two inner
points of zero bending moment and thus zero cross-section of
the rod. According to Olhoff and Rasmussen (1977), Olhoff and
Niordson (1979), Olhoff and Taylor (1983), Tada and Wang
(1995) and Seyranian and Privalova (2003) these points are treated
as internal hinges what seems natural from a mechanical and
acceptable from a mathematical point of view. In the mentioned
papers, the reason found in Olhoff and Rasmussen (1977) why
the unimodal clamped–clamped Bernoulli–Euler rod obtained in
the reference Tadjbakhsh and Keller (1962) is not optimal, is given
in detail. The reason is that the buckling mode determined analyt-
ically together with the unimodal column solution by Tadjbakhsh
and Keller (1962) does not correspond to the fundamental buckling
load (the lowest eigenvalue) of the column. When deriving their
unimodal solution, Tadjbakhsh and Keller (1962) tacitly assumed
continuity of the slope of the buckling mode (and of the shear
force) at the two inner hinges, and thereby obtained a symmetric
mode that is actually the second buckling mode of the design. By
performing an eigenvalue analysis of the column design by Tad-
jbakhsh and Keller (1962), allowing for possible jumps in the slope
of the buckling mode and of the shear force at the two inner hinges,
Olhoff and Rasmussen (1977) found in Section 1 of their paper that
the fundamental buckling load (which was associated with an anti-
symmetric buckling mode) was not only signiﬁcantly lower than
the buckling load obtained by Tadjbakhsh and Keller (1962), but
even lower than the fundamental buckling load of a uniform
column of the same volume. Thus the clamped–clamped
Bernoulli–Euler column obtained by Tadjbakhsh and Keller
(1962) is not optimal. The same argument stands for the problem
treated here with isoperimetric constraint w ¼ 0:8860 instead of
w ¼ 1 used in Olhoff and Rasmussen (1977), Seyranian (2000)
and Seyranian and Privalova (2003).
The second row corresponds to bimodal formulation posed in
the classical elastica and the solutions obtained in Olhoff and
Table 1
Numerical results for compressed rods ðk1 ¼ 0Þ.
ðl; k2Þ Candidate description Mode(s) description
w að0Þ amin tamin amax ¼ að0:5Þ emin gð1Þmax g2max tg2max HðbÞ
ð0;4p2 ¼ 39:478Þ 0.8660 (unimodal) 1.1547 0 0.25 1.1547 0 0.0444 – – 1.7320
0.8684 (bimodal) 1.1578 0.1961 0.2466 1.1583 0 0.0435 0.0052 0.2601 1.7367
(0.0001,39.471) 0.8662 (unimodal) 1.1548 0.01789 0.25 1.1548 0.0056 0.0445 – – 1.7322
0.8684 (bimodal) 1.1578 0.1962 0.2466 1.1583 0.0005 0.0435 0.0052 0.2602 1.7367
(0.001,39.404) 0.8675 (unimodal) 1.1552 0.0553 0.25 1.1552 0.0181 0.0446 – – 1.7329
0.8693 (bimodal) 1.1579 0.1970 0.2468 1.1584 0.0051 0.0437 0.0050 0.2604 1.7369
(0.01,38.748) 0.8770 (unimodal) 1.1582 0.1631 0.25 1.1582 0.0613 0.0455 – – 1.7373
0.8772 (bimodal) 1.1588 0.2040 0.2487 1.1588 0.0490 0.0451 0.0032 0.2623 1.7384
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Seyranian (2000) and Seyranian and Privalova (2003). Namely,
for k2 ¼ 52:3562542699; k1 ¼ 0; l ¼ 0; b ¼ 0 numerical integra-
tion of Eqs. (45) and (46) subject to the boundary conditions given
by (55) and (56) lead to the optimal shape and the corresponding
modes that are same as therein (for the case of clamped supports)
with minimal volume w ¼ 1. The rod has two symmetric minima
amin ¼ 0:225824, at t1 ¼ 0:24658 and t2 ¼ 1 t1. Two ﬁrst inte-
grals (54) are satisﬁed up to the term of 1010 withH ¼ 2. In such
case we recover results obtained by maximizing the smallest
eigenvalue via the Rayleigh quotient for a given volume of the
rod as expected. As shown in Seyranian (1984), for the Bernoulli–
Euler rod, the optimal shape is described by bimodal solution.
Next we consider the case of the compressible and shearable
rod ðl–0; b–0Þ loaded by an axial force ðk1 ¼ 0; k2–0Þ. In the
remaining of Table 1 new results obtained in sense of the general-
ized elastica theory for several values of l > 0, and the correspond-
ing values of k2 are shown. First note that for (very small)
l ¼ 0:0001 the unimodal solutions, presented in the ﬁrst and the
third row of Table 1, as well as the bimodal solutions presented
in the second and the fourth row are close to each other as ex-
pected. Also, note that the unimodal candidates do not have the
points where the cross-section vanishes. Then compare the ob-
tained minimal volumes corresponding to both candidates. From
the values presented we conclude that the unimodal candidate is
optimal since it provides minimal volume for the chosen values
of l (see Table 1). Thus, the distribution of the material along the
optimal rod in sense of generalized elastica theory, corresponding
to unimodal problem is given by (40). Finally, we conclude that the
geometric multiplicity of the eigenvalue pair ð0; k2Þ of the optimal
rod equals one. We stress that this result is valuable for the kind of
constitutive equation used here meaning that some other type of0 0.2 0.4
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Fig. 4. Optimal shape of compressedconstitutive equations, also involving the effects of shear and com-
pressibility, may lead to a different conclusion. The principal nov-
elty of the present results is that the generalized elastica with
shear and axial strain leads to unimodal optimal solutions with
non-zero cross-sectional area in a natural way: the minimal area
of the cross-section was obtained as a solution of (16) and (14)
with (43) and (44).
In Fig. 4 we present the optimal shape of the compressed rod for
l ¼ 0:01, and k2 ¼ 38:74763717, obtained from unimodal optimi-
zation pattern.
By numerical examination it could be shown that the corre-
sponding rate of change of the cross-sectional area is smooth.
The savings in material are about 12.3%. In order to justify the pro-
cedure of ﬁnding the optimal rod note that the physical condition
(58) is satisﬁed on the optimal solution (see Table 1). It is interest-
ing to see that for all values of l > 0 the maximal cross-section
area occurs in the middle and at the ends of the optimal rod while
the minimal cross-section area occurs at t1 ¼ 0:25 and t2 ¼ 0:75.
First integrals (42) are satisﬁed up to the term of 108.
Next we comment on the values presented in Table 2. Let us
now consider a rotating compressed rod ðk1–0; k2–0Þ described
by the Bernoulli–Euler theory. The ﬁrst row of Table 2 corresponds
to the unimodal solution. As shown for l ¼ 0 and the unimodal
optimal solution the cross-sectional area reached zero values at
two points in the interior. These points can be treated as internal
hinges, as before, but it seems that the argument based on linear-
ized equilibrium equations that there is a lower buckling load than
declared one, will be more difﬁcult to apply due to the rotation ef-
fect. Thus in order to show that the unimodal, say the Tadjbakhsh
and Keller (1962) type of design, for compressed and rotating rod
presented in the ﬁrst row of Table 2, is not optimal we refer again
to the lines of Olhoff and Rasmussen (1977) as well as Seyranian0.6 0.8 1
rod ðl ¼ 0:01 and k2 ¼ 38:748Þ.
Table 2
Numerical results for compressed rotating rods ðk1 ¼ 13:144Þ.
ðl; k2Þ Candidate description Mode(s) description
w að0Þ ¼ amax amin tamin að0:5Þ emin gð1Þmax g2max tg2max HðbÞ
ð0;4p2  1 ¼ 38:478Þ 0.8643 (unimodal) 1.1709 0 0.2520 1.1409 0 0.0447 – – 1.7564
0.8663 (bimodal) 1.1732 0.1854 0.2488 1.1449 0 0.0439 0.0050 0.2613 1.7597
(0.0001,38.471) 0.8644 (unimodal) 1.1710 0.0178 0.252 1.1410 0.0056 0.0448 – – 1.7565
0.8664 (bimodal) 1.1732 0.1855 0.2488 1.1449 0.0005 0.0439 0.0050 0.2613 1.7598
(0.001,38.402) 0.8658 (unimodal) 1.1716 0.0555 0.2520 1.1413 0.0180 0.0448 – – 1.7574
0.8673 (bimodal) 1.1734 0.1863 0.2491 1.1448 0.0054 0.0440 0.0048 0.2616 1.7601
(0.01,37.728) 0.8755 (unimodal) 1.1755 0.1639 0.2521 1.1439 0.0610 0.0458 – – 1.7633
0.8756 (bimodal) 1.1757 0.1921 0.2512 1.1445 0.0521 0.0456 0.0027 0.2637 1.7636
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gðtÞ ¼ gð1 tÞ used therein, from a numerical point of view.
Namely, assuming that the overall structural buckling load is to
small to cause local buckling of the middle part, we may speculate
that the left part of the compressed rotating rod in relative equilib-
rium will have lower buckling load than declared. In doing so, ﬁrst
let us recall that the left part of the design shown in the ﬁrst row of
Table 2 as the solution of two point boundary value problems (14)
and (16) for k1 ¼ ku;11 ¼ 13:144, k2 ¼ ku;12 ¼ 4p2  1, ðb ¼ l ¼ 0Þ,
and a ¼
ﬃﬃﬃ
3
p
2m2=ð1þ k1g2Þ, leads to w ¼ 0:8643, mðtaminÞ ¼ 0, with
tamin ¼ 0:25198. Taking so obtained aðtÞ, for 0 6 t 6 tamin, by use of
linear interpolation, we solve the nonlinear two point boundary
value problem, describing relative equilibrium of the compressed
rotating left part of the rod, for k1 ¼ k1 < ku;11 ¼ 13:144;
k2 ¼ k2 < ku;12 ¼ 4p2  1, ðb ¼ l ¼ 0Þ, i.e. Eq. (13), subject to
(14)1,2, mðtaminÞ ¼ 0, as well as
mð0Þ  vðtaminÞnðtaminÞ  k2gðtaminÞ  k1
Z tamin
0
aðtÞgðtÞnðtÞ ¼ 0;
where n stands for dimensionless x coordinate ðn ¼ x=LÞ. This
boundary condition, obtained by D’Alembert’s principle for the left
part of the design, generalizes the conditions for compressed non-
rotating rod, see Seyranian (2000). By numerical examination we
note that for ðk1; k2Þ ¼ ð11:0;29:478Þ as well as for
ðk1; k2Þ ¼ ð13:144;29:478Þ there exist numerical solutions corre-
sponding to nontrivial conﬁguration of the left part of the design.
The corresponding value of sup06t6tamin jgðtÞj reads 0.0213. Further
numerical experiments show that for the same k1, increasing k2
the corresponding sup06t6tamin jgðtÞj of the solution increases. This
and the fact that the uniform compressed rotating clamped-free
uniform column, exhibits the supercritical bifurcation pattern (see
Atanackovic, 1987) allows us to assume that the supercritical bifur-
cation of the design is also possible. Keeping this in mind we can
conclude that the Tadjbakhsh and Keller (1962) type of design, for
compressed and rotating rod, has lower buckling load than declared
and thus could not be optimal.
The second row of Table 2 corresponds to the bimodal optimal
solution obtained in Spasic and Atanackovic (2004). Namely, by
setting l ¼ b ¼ 0 Eqs. (45), (46) and (52) reduce to Eqs. (10), (11)
and (17) of Spasic and Atanackovic (2004), respectively. The vol-
ume of the optimal rod in this case is w ¼ 0:866316675. The rod
has two symmetric minima amin ¼ 0:185432405, at tamin ¼
0:248840 and 1 tamin . In this case two ﬁrst integrals (54) are sat-
isﬁed up to the term of 1010 with Hb ¼ 1:75973325 and Ib ¼ 0.
We note that these results agree with the ones presented in Spasic
and Atanackovic (2004) and like therein, we conclude that in this
case the optimal shape of the rod is determined by the bimodal
solution.
Finally, we consider the compressible and shearable rotating
rods loaded by an axial force, ðl–0; b–0; k1–0; k2–0Þ. For l > 0
we get the generalization of the case treated by Spasic and Ata-
nackovic (2004). For k1 ¼ 13:144; k2 ¼ 38:478 and three values ofl numerical integration reveals that both unimodal and bimodal
solutions are possible. As before, ﬁrst note that for (very small)
l ¼ 0:0001 the unimodal solutions, presented in the ﬁrst and the
third row of Table 2, as well as the bimodal solutions presented
in the second and the fourth row are close to each other as ex-
pected. The obtained optimal solutions are symmetrical. Checking
the numerical accuracy we ﬁnd that ﬁrst integral (42) for unimodal
and two ﬁrst integrals given by (54) for bimodal solutions are sat-
isﬁed up to the term of 108. Comparing the volumes of unimodal
solution to the ones of bimodal solution, we get the same conclu-
sion as in the case of compressible and shearable rod loaded by an
axial force. Namely for the chosen values of l the minimal volumes
obtained by unimodal solutions are smaller than the minimal vol-
umes obtained by bimodal solutions (see Table 2). This means that
the optimal rod is determined by unimodal solution (40). As before
we conclude that the geometric multiplicity of the eigenvalue pair
ðk1; k2Þ of the optimal rod equals one. Again we stress that this re-
sult is valuable for the kind of constitutive equation used here. In
order to check if the procedure of ﬁnding the optimal rod is valid
maximal value of the axial strain is calculated and given in Table
2. Since it satisﬁes the physical condition (58) our procedure is val-
idated. In this case, for considered values of l (and b), the maximal
cross-section area occurs at the ends of the optimal rod.
In Fig. 5 we present the optimal shape of the compressed rotat-
ing rod for l ¼ 0:01; b ¼ 0:02886; k1 ¼ 13:14401883, and
k2 ¼ 37:72775498 obtained also from unimodal optimization
pattern.
As in the case of compressed rod, despite the assumption that
the differential constraint equations allow two linearly indepen-
dent solutions, and thus could lead to bimodal optimization, it
was obtained that the optimal shape obtained in framework of
generalized elastica, was related to unimodal solutions.
We make two remarks here. First, we comment on the rate of
change of the cross-section along the optimal shape. Namely, the
classical engineering theory of bending due to Bernoulli and Euler
dates back to 1705 and precedes the theory of elasticity by over
100 years. It has long been recognized as a convenient approxima-
tion for slender beams. According to Katsikadelis and Tsitats
(2005), Boley was the ﬁrst author who considered the accuracy
of the Bernoulli–Euler theory for beams of variable cross-sections
in 1963. He imposes the condition that the rate of change of the
variation of cross-section AðSÞ along the rod, i.e. dA=dS must not
be greater than a certain prescribed value, say f, so that the Ber-
noulli–Euler theory remains valid since it agrees with the elasticity
theory, see Da Silva (2006, p. 160). In other words, with respect to
the optimal solutions presented in the above ﬁgures, the Boley
condition reads
dA
dS
¼ da
dt

max
 Au
L
< f: ð59Þ
For example for the compressed rod presented in Fig. 4,
ðda=dtÞmax ¼ 12:68. Note that taking Au=L small enough one can sat-
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Fig. 5. Optimal shape of compressed rotating rod ðl ¼ 0:01; k1 ¼ 13:144; k2 ¼ 37:728Þ.
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slowly varying cross-sections, at least for small values of l. The sec-
ond remark concerns the inequality constraints. In the solutions
presented in Table 1 minimal cross-sectional area was determined
as a result of a solution procedure. The optimal shape recognizes
the material and the load. In some of the listed references minimal
cross-section area was taken either ab initio or by the request that
an allowable stress, say rall, will not be exceeded. For example Tada
and Wang (1995) showed that optimum design is very sensitive to
the minimum area constraint and the number of buckling modes.
The stress inequality constraint was imposed by Nikolai (1907).
Roughly speaking, one expects that both inequalities F 6 rallAu and
F 6 rallAmin;
to be satisﬁed, with Amin either chosen in advance or obtained by
the optimization procedure. Dividing the last inequality by EAu
yields
l 6 rall
E
 amin; ð60Þ
where we have used (12). For example for the third row of Table 1
and spring steel with rall=E ¼ 0:0114 the condition (60) and thus
normal stress inequality was satisﬁed. Also, for very small values
of l, the obtained unimodal solutions could satisfy (60), for some
other materials, like glass-epoxy or silicon carbide, but the question
why taking only ﬁnite values of extensional rigidity and neglect the
shear deformation still remains, since the inﬂuence of both effects
on the critical load is opposite.
Finally, for the problems considered here it would seem that the
generalized elastica does not lead to bimodal optimal solutions. It
should be emphasized that the obtained results are strictly related
to the chosen constitutive model and that some other constitutive
models, (even different type of decomposition of elastic force in an
arbitrary cross-section, say Engeser’s or Timoshenko’s type), could
lead to different results.
6. Closure
The main results of this paper can be stated as:
1. For the case of a clamped–clamped compressed rotating rod
described by the constitutive equations that take into account
compressibility and shear (with Haringx’s type of decomposi-
tion of the elastic force in an arbitrary cross-section) the nonlin-
ear differential equations in dimensionless form (13),
describing the conﬁguration of a relative equilibrium were
derived. The critical load of the rod as a two parameter bifurca-tion problem (31) was obtained on the basis of the linearized
equation (16). It was supposed that the eigenvalues of the line-
arized system determine the bifurcation points of the nonlinear
system. It was shown that the multiplicity of the eigenvalues of
the linearized system cannot be greater then two.
2. The problem of ﬁnding the optimal shape of the rod that is of
minimum volume and will support a given load without buck-
ling was formulated. Since the geometrical multiplicity of the
eigenvalues of the linear system can be one or two, both uni-
modal and bimodal optimization patterns were considered by
use of the Pontryagin maximum principle. For both problems
the obtained necessary condition for optimality cast in form
of a cubic equation admits positive solution expressed in terms
of Chebyshev radicals, (40) and (53), respectively. The boundary
value problems (16) and (14) with (43) and (44), determining
unimodal and (45) and (46) with (55) and (56), determining
bimodal candidates for the optimal solution were solved
numerically. For both problems, the monitoring of numerical
integration was done by use of the ﬁrst integrals.
3. For the compressed rod described by the Bernoulli–Euler theory
it was shown that the optimal shape of the rod obtained by
bimodal optimization agrees with the ones presented in Ata-
nackovic and Novakovic (2006), Olhoff and Rasmussen (1977),
Seyranian (1984), Cox and Overton (1992) and Egorov (2004).
As a generalization of this case a compressible and shearable
compressed rod is examined. Numerical results show that it
was possible to ﬁnd both unimodal and bimodal solutions.
Since the minimal volume of the rod, at the same buckling load,
for considered values of the rod parameters l and b, correspond
to unimodal solutions (Table 1) it can be concluded that the
generalized elastica does not lead to bimodal optimal solutions.
4. For the rotating compressed rod described by the Bernoulli–
Euler theory the obtained optimal shape is determined by
bimodal optimization what is in agreement with the results
presented in Spasic and Atanackovic (2004). As a generalization
of this case a compressible and shearable rotating compressed
rod is examined. Calculations show that both unimodal and
bimodal solutions exist. Table 2 reveals that the minimal vol-
ume of the rod at the same buckling load, for considered rod
parameters l and b was obtained by unimodal solution. There-
fore it can be concluded that for this type of constitutive equa-
tions unimodal solution determines the optimal shape of the
rod.
Summarizing the results of this paper it can be concluded that
the type of optimization pattern depends on the type of boundary
conditions, load and constitutive equations. This implies that any
D.T. Spasic, V.B. Glavardanov / International Journal of Solids and Structures 46 (2009) 2939–2949 2949change in any of these things could lead to a different type of opti-
mization. In our opinion the mathematical theory of rods, called
generalized elastica with shear and axial strain, as a natural gener-
alization of the Bernoulli–Euler elastica, could serve as a conve-
nient approximation in engineering problems dealing with
structural analysis and design.
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